Introduction
Let X be a topological space and (V, +) a 2-divisible nontrivial (i.e., card V > 1) abelian group.
Recall that a family {F v : X −→ X ; v ∈ V } of homeomorphisms such that
is called an iteration group or a flow (on X). An iteration group {F v : X −→ X ; v ∈ V } is said to be disjoint if each of its elements either is the identity mapping or has no fixed point (see [2] and also [18] ). Such iteration groups on open real intervals have been examined by M. Bajger and M. C. Zdun in [3] and M. C. Zdun in [16] , [17] , [18] and [19] . Some results concerning disjoint iteration groups on the unit circle In this paper we give a complete description of disjoint iteration groups on the unit circle. Our results generalize those obtained by M. Bajger in [2] , where a special case of disjoint iteration groups has been studied.
In Section 2 we recall the basic definitions as well as a result from [10, Lemma 1] which serves as the main tool in the proof of the important Proposition 3. Next (Section 3), we introduce the notion of a limit set of iteration groups under study. This enables us to divide these iteration groups into three classes, which will be considered separately in Section 4. The third class will be handled in much the same way as in [2] .
Preliminaries
We begin by recalling the basic definitions and introducing some notation. Throughout the paper For any v, w, z ∈ : v ≺ w ≺ z} = {Π(t) ; t ∈ (t v , t z )}, where t v , t z ∈ % are such thatΠ(t v ) = v,Π(t z ) = z and 0 < t z − t v < 1. Given a subset A of # 1 with card A 3 and a function F mapping A into # 1 we say that F is increasing (strictly increasing) if for any v, w, z ∈ A such that v ≺ w ≺ z we have F (v) F (w) F (z) (respectively, F (v) ≺ F (w) ≺ F (z)).
For every homeomorphism F : A −→ B, where A = {Π(t) ; t ∈ (a, b)} and B = {Π(t) ; t ∈ (c, d)} are open arcs, there exists a unique homeomorphism f : (a, b) −→ (c, d) with (F •Π)(x) = (Π • f )(x), x ∈ (a, b).
We say that f represents F , and if f is strictly increasing, then we say that the homeomorphism F preserves orientation. It is well-known (see for instance [1] , [4] and [13] ) that for every continuous mapping F : The function f is called a lift of F and the integer k is called the degree of F , and is denoted by deg F .
If F :
is a homeomorphism, then so is its lift. Furthermore, |deg F | = 1.
We say that a homeomorphism F :
which is clearly equivalent to the fact that the lift of F is increasing. For every such homeomorphism F the number α(F ) ∈ [0, 1) defined by
is called the rotation number of F . This number always exists and does not depend on x and the choice of the lift f . Furthermore, α(F ) is rational (equal to zero) if and only if F has a periodic (respectively, fixed) point (see for instance [11] and [12] ). Finally, for the convenience of the reader we repeat the relevant, slightly modified, material from [10] without proofs.
Let M be an arbitrary non-empty set and let F t :
orientation-preserving homeomorphisms. Denote by N the set of all t ∈ M such that F t have no fixed point and for any z ∈
Lemma 1 (see [10] ). Let F t :
Suppose also that
there exists a unique pair (Φ, c) such that Φ :
is a continuous function of degree l with Φ(1) = 1 and c : M −→ # 1 satisfying the system of Schröder equations
Moreover, c(t) = e 2& ilα(Ft) , t ∈ M.
Remark 1 (see [10] ). Let F t :
homeomorphisms satisfying condition (1) . If there exists a t 0 ∈ M for which
, then the assumptions of Lemma 1 are fulfilled.
Limit sets
For any orientation-preserving homeomorphism F :
, then the non-empty set
(see for instance [11] ).
Non-singular iteration groups.
Let us first observe (see also [15] ) that every element of an iteration group F = {F v :
, v ∈ V } preserves orientation (we need the 2-divisibility of the abelian group V only to establish this fact).
Proceeding analogously to the proofs of Lemmas 4 and 5 in [7] we obtain the following two results.
Definition 1 (see also [7] ). An iteration group F = {F v :
said to be non-singular if at least one of its elements has no periodic point, otherwise F is called a singular iteration group.
Clearly, an iteration group 
Non-singular iteration groups have been investigated in [2] , where the structure of such disjoint iteration groups for the case V = % was described.
. Thus, we can introduce the following definition.
Definition 2. By a limit set of a non-singular iteration group
where F v ∈ F is an arbitrary homeomorphism with an irrational rotation number.
As an immediate consequence of Definition 2, Lemma 2 and the properties of limit sets of homeomorphisms we obtain 
With this notation, we have the following lemma.
Now, fix a z ∈ L F and take a w ∈ O F (z). Then there is a sequence (n k ) k∈8 of non-zero integers and a v ∈ V such that z = lim
Disjoint iteration groups.
The notion of a limit set of a singular iteration group will be introduced in a particular case.
We start with
the following conditions are equivalent: . We first show that conditions (i) and (ii) are equivalent. It is obvious that (i) implies (ii). Now, assume that (ii) holds true and suppose, contrary to our claim, that the set F is infinite. Then there exists a sequence (F vn ) n∈8 of elements
This together with the fact that the iteration group
, which is impossible. To complete the proof it suffices to observe that conditions (ii) and (iii) are also equivalent.
The proof of our next proposition is based on ideas similar to those in the proof of Theorem 1 in [17] .
(iii) either L is a non-empty perfect and nowhere dense subset of . If the set F is finite, then, by Lemma 4, assertions (i) and (ii) hold true and, moreover, L = ∅.
We now turn to the case when F is infinite. Since the iteration group F is disjoint,
. Fix z, w ∈ # 1 and observe that for any F v ∈ F having no fixed point there is a v 0 ∈ V with
Indeed, if it were true that
strictly increasing for each non-negative integer n we would have
and consequently
which contradicts the equality
Now, it is easy to check that for any z, w ∈
Next, fix z, u ∈ # 1 and observe that the fact that the set F is infinite yields
and either
, from (P) it may be concluded that there exists a sequence (v n ) n∈8 of elements of V for which either
The fact that lim
which completes the proof of (ii).
Consequently,
and
We conclude from this that
On the other hand we also get
and therefore the set L is perfect. Next, assume that L is not nowhere dense. Then L being closed it is not a border set, and therefore it contains an open arc ∆. Fix a z 0 ∈
with (ii) gives
We thus get
Proposition 2 enables us to introduce the following definition.
Definition 3. By the limit set of a disjoint iteration group
where z is an arbitrary element of
3.3. Classification of iteration groups which are non-singular or disjoint.
Let us first note that although Definitions 2 and 3 are different, Lemma 3 shows that in the case when the iteration group
; v ∈ V } is both disjoint and non-singular they determine the very same set.
Definition 4 (see also [7] ). A non-singular or disjoint iteration group
We will consider the above three classes of iteration groups separately. Observe also that Remark 2 makes it obvious that every discrete iteration group is both disjoint and singular.
. Assume that
iteration group and fix a z ∈ L F . By Lemma 3 (respectively, Definition 3) we see at once that
On the other hand from Remark 2 (respectively, Proposition 2) we deduce that the set L F is closed and contains O F (z), and therefore
Main results
We start with three auxiliary lemmas. The first is valid without any assumption on the iteration group
; v ∈ V } is an iteration group, then the set
. We first show that the set
is a subgroup of the group ( % , +). From Theorem 1 in [8] it follows that for any
there exists an integer k 3 such that
Next, note that G being a subgroup of % it is either a dense subset of
} for a non-negative real number p (see for instance [5] ). Since 1 ∈ G, in the latter case there is a positive integer n for which p = 1/n. The equality G ∩ [0, 1) = H F now completes the proof.
. Let
then both F v1 and F v2 have fixed points, which together with the fact that the iteration group F is disjoint gives
and Theorem 1 in [8] leads to
).
Therefore . An easy computation shows that the set cl Im c is a closed subgroup of the group (# 1 , ·). Since (see for instance [14] ) every such subgroup is either finite or equal to 
Discrete iteration groups.
First, we shall consider the easiest case, namely we will deal with discrete iteration groups.
; v ∈ V } be a disjoint iteration group. Then the iteration group F is discrete if and only if H F = k/n; k = 0, . . . , n − 1 for a positive integer n. . From Lemma 4 it follows that L F = ∅ if and only if the set F is finite. Since, by Lemma 7, α : F −→ H F is a bijection, this is equivalent to the fact that card H F < ℵ 0 , which, on account of Lemma 6, holds if and only if H F = k/n; k = 0, . . . n − 1 for a positive integer n.
group and let n be a positive integer for which H F = k/n ; k = 0, . . . , n − 1 . Then there exists a mapping m :
and a homeomorphism G ∈ F with α(G) = 1/n (mod 1). . Fix a G ∈ F for which α(G) = 1/n (mod 1) and take a k ∈ {0, . . . , n − 1}. Obviously, G k ∈ F and, by Theorem 1 in [8] , α(G k ) = k/n. This together with Lemma 7 shows that F = {G k ; k = 0, . . . , n − 1}, and therefore there is a function
Dense iteration groups.
Our next proposition serves as an important tool in the investigation of iteration groups which are dense or non-dense. 
The mapping c F is given by
and fulfils the equation
The function ϕ F is increasing and
Moreover, ϕ F is a homeomorphism if and only if the iteration group F is dense. . We first show that the assumptions of Lemma 1 are fulfilled. Since L F = ∅, we see at once that N = ∅. If F is non-singular, then our assertion follows immediately from Remark 1. If the iteration group F is disjoint, then it is easy to check that for every z ∈ # 1 we have O F (z) = C(z), and consequently each set C(z)
is infinite and
Thus the assumptions of Lemma 1 are satisfied, and therefore there is a unique pair (ϕ F , c F ) such that ϕ F : In the proof of Lemma 1 (see [10] ) it is also shown that the function ϕ F has an increasing lift β : % −→ % with β(0) = 0. To see that the mapping ϕ F is increasing, fix u, w, z ∈ # 1 for which u ≺ w ≺ z and let t u , t w , t z ∈ [0, 1) be such that Π(t u ) = u, Π(t w ) = w and Π(t z ) = z. From Lemma 2 and Remark 3 in [6] it follows that we may assume that 0 t u < t w < t z < 1. Then, using the facts that the function β :
and consequently ϕ F (u) ϕ F (w) ϕ F (z) as claimed. Now, fix a z ∈ L F . Since the pair (ϕ F , c F ) satisfies system (2), we have
which together with the compactness of # 1 and the continuity of the functions Π and
As L F = ∅, it follows from Lemmas 9 and 6 that the set H F is dense in [0, 1). Therefore Lemma 5 now leads to
and (4) is proved. If ϕ F is a homeomorphism, then (4) makes it obvious that L F =
. Now, let L F = # 1 and suppose, contrary to our claim, that the mapping ϕ F is not invertible.
Then there exist distinct z 1 , z 2 ∈ # 1 such that ϕ F (z 1 ) = ϕ F (z 2 ). We shall show that the function ϕ F is constant on −−−−→ z 1 , z 2 or −−−−→ z 2 , z 1 . If this assertion were false then, by (4), there would be w ∈ −−−−→ z 1 , z 2 , u ∈ −−−−→ z 2 , z 1 for which ϕ F (z 1 ) = ϕ F (w) = ϕ F (u) = ϕ F (z 1 ). Therefore we would have w ≺ z 2 ≺ u, u ≺ z 1 ≺ w, and, by virtue of the fact that ϕ F is increasing,
Since ϕ F (z 1 ) = ϕ F (z 2 ) and ϕ F (z 1 ) = ϕ F (w) = ϕ F (u) = ϕ F (z 1 ), from Lemma 3 in [6] we would thus get
which is impossible. Denote by ∆ an open arc such that ϕ F is constant on ∆ and fix a z 0 ∈ # 1 . Assuming that the iteration group F is disjoint (non-singular) we see
for some integers n, m). But ϕ F (u) = ϕ F (w) since we also have u, w ∈ ∆. Therefore it follows from (2) that
and, consequently, The mappings ϕ F and c F guaranteed by the above lemma enable us, among other things, to give a necessary and sufficient condition for conjugacy of disjoint and dense (or non-dense) iteration groups (see [7] for the case when V = % and the iteration groups are non-singular, and [9] for the general case).
Regarding the structure of dense iteration groups we have the following theorem, which follows immediately from Proposition 3.
there exists a unique orientation-preserving homeomorphism ϕ F :
(z 0 ) = z 0 and note that Theorem 2
)) = 1, and applying Theorem 2 again we obtain F v0 = id.
Non-dense iteration groups.
Finally, we turn to non-dense iteration groups. In this case, according to Definition 4, Remark 2 and Proposition 2, the limit set of the iteration group F = {F 
(v) the sets Im c F and . Analysis similar to that in the proof of Proposition 2(a) in [2] shows that (i) holds true.
(ii) Let A be an open arc such that ϕ F is constant on A. Since L F is a border set, there exists a q ∈ ) for which I q ∩ A = ∅. Write I q = −−→ (a, b), take a z 0 ∈ A \ {a} and assume that the iteration group F is disjoint (non-singular). As a ∈ L F and
To obtain a contradiction, suppose that a ∈ A. Then there exists a positive integer k 0 with F v k (z 0 ) ∈ A for k > k 0 , and the fact that the function ϕ F is constant on the
On the other hand, (2) shows that
Combining these equalities we deduce that Π(α(F v k )) = 1 for any k > k 0 and, conse-
The disjointness of the iteration group F (or the irrationality
) together with the fact that α(
)(mod 1), which follows from Theorem 1 in [8] ) now gives F v k = id, and therefore a = lim
which is impossible. Similarly, b / ∈ A, and so
. Obviously, I p ∩ I q = ∅ and moreover, card ϕ F [I p ] = card ϕ F [I q ] = 1, which is clear from (i). Suppose, contrary to our claim, that
This together with the equality ϕ
Therefore we have
and using the facts that the mapping ϕ F is increasing and ϕ F (z 1 ) = ϕ F (z 2 ) = z 0 and Lemma 3 in [6] ,
which contradicts the equality ϕ F (z 1 ) = ϕ F (z 2 ). Proceeding analogously to the proof of Proposition 2 in [2] we obtain (iv), the equality card K F = ℵ 0 and the inequality card Im c F ℵ 0 . To complete the proof of (v) it suffices to check that card Im c F ℵ 0 . For this purpose, let us first observe that since L F = ∅, Lemmas 9 and 6 show that the set H F is dense in [0, 1). This together with Proposition 3 and the fact that the mapping Π is bijective gives
and (v) is proved. As in the proof of Proposition 2(f) in [2] we can see that (vi) holds true. , and consequently, by (vi), so is the set K F .
; v ∈ V } is a non-dense iteration group and let
be open pairwise disjoint arcs for which (5) holds true. According to Lemma 10 we can correctly define the bijection Φ F : ) −→ K F and the mapping T F :
The following lemma is an immediate consequence of (7) and the properties of the function c F .
Proceeding analogously to the proof of Lemma 6 in [2] we also obtain
Before we state our next result we recall one more definition from [2] .
be an open arc and let t v , t z ∈ % be such that v =Π(t v ), z =Π(t z ) and 0 < t z −t v < 1. A mapping F : A −→ , v ∈ V , P v is linear on I q (8) and
where I q for q ∈ ) are open pairwise disjoint arcs satisfying (5), and T F is given by (7) .
Moreover,
and the family P is a disjoint, non-dense iteration group. If the iteration group F is non-singular, then so is P. Otherwise the iteration group P is singular. ; v ∈ V } of continuous functions satisfying conditions (8) and (9) as well as the fact that this family is a disjoint iteration group for which (10) and
hold true (to prove that the functions B v : in [7] ). We will now prove that the iteration group P is non-dense. To do this, let us first observe that
Consequently, fixing a z 0 ∈ L F we see that
which together with Definition 3 and the fact that L F is a perfect nowhere dense subset of
It remains to show that L P = ∅. But if this assertion were false, from (10) and Lemma 4 we would have
contrary to Lemma 10(v). Next, assume that the iteration group F is non-singular and let v 0 ∈ V be such that
. Suppose, contrary to our claim, that α(P
, and (10) gives
This clearly forces c F (n 0 v 0 ) = 1 and (3) now shows that
, is impossible. Finally, assume that F is a singular and disjoint iteration group and suppose, contrary to our claim, that
, there are n 0 ∈ ' \{0}, z 0 ∈ . From this and (9) we deduce that P . By virtue of the fact that the function P n0v0 is linear on each arc I q we thus get P n0v0 = id and
, a contradiction.
The piecewise linear iteration group P = {P v :
Proposition 4 is called the generating iteration group of a non-dense iteration group [2] and also [18] ).
It is worth pointing out that the generating iteration group of
; v ∈ V } be non-singular (or singular but not discrete) disjoint iteration groups and assume that there exists a pair (ϕ, c) such that ϕ : 
Then L F = L G and there is an orientation-preserving homeomorphism Γ :
If moreover the iteration groups F and G are non-dense, then
where
are open pairwise disjoint arcs for which (5) holds true. . Let us first observe that if ϕ(1) = 1, which we may assume, then Proposition 3 implies that ϕ = ϕ F = ϕ G and c = c F = c G .
If the iteration group F is dense, then analysis similar to that in the proof of Proposition 4 in [2] shows that ϕ is a homeomorphism and the iteration group G is dense. Thus F v = G v for v ∈ V and Γ := id has all the desired properties. Now, assume that the iteration group F is non-dense. As in the proof of Proposition 4 in [2] we can see that L F = L G , which, on account of (7) and (6), allows us to assume that T F = T G .
Introduce the following equivalence relation on
p R q if and only if there is a v ∈ V such that p = T F (q, v),
and let E be a subset of ) having exactly one point in common with each equivalence class with respect to the relation R. Denote by [q] R the equivalence class of q ∈ ) and let ) q −→ v q ∈ V be a mapping such that
we conclude from Lemmas 12 and 11 that conditions (12) and (13) hold true. We shall next show that Γ :
is an orientation-preserving homeomorphism. To do this, let us first observe that since for every q ∈
)
, G −vq and F vq are orientationpreserving homeomorphisms, it follows from Lemma 5 in [6] that so is Γ |Iq . Now, we prove that the mapping Γ : (z),
we have either t x < t w < t z , or t w < t z < t x , or t z < t x < t w . Assume, for instance, that t x < t w < t z and let f q represent the homeomorphism Γ |Iq . Since Γ |Iq preserves orientation, we see that f q (t x ) < f q (t w ) < f q (t z ), and (13) leads to f q (t x ), f q (t w ), f q (t z ) ∈ (t 1 , t 2 ) for some t 1 , t 2 ∈ % with 0 < t 2 − t 1 < 1. Thereforẽ (ii) card({x, w, z} ∩ I q ) = 2 for a q ∈ ) . According to Lemmas 1 and 2 in [6] we may assume that x, w ∈ I q . Fixing a u ∈ I q for which w ∈ − −− → (x, u) we conclude from (i), (13) and (14) (iii) card({x, w, z} ∩ I q ) = card({x, w, z} ∩ I p ) = 1 for some distinct p, q ∈ ) . We can assume, in view of Lemmas 1 and 2 in [6] , that x ∈ I q , w ∈ I p . Since x ≺ w ≺ z, we have I q ≺ I p ≺ I(z), where
Therefore, by (13) and ( (iv) card({x, w, z} ∩ L F ) = 2. On account of Lemmas 1 and 2 in [6] we may assume that x, z ∈ L F and w ∈ I q for a q ∈ . As I q is an open arc, we see that I q ⊂ − −− → (x, z). Hence, by (13) and (14), (v) {x, w, z} ⊂ L F . From (14) we have Γ(x) = x, Γ(w) = w and Γ(z) = z, and our assertion follows. We have thus proved that the function Γ :
1 is strictly increasing. Since, by (13) and (14), we also have Im Γ = # 1 , Remark 3 in [7] and Lemma 4 in [6] show that Γ is a homeomorphism. Finally, it follows from Lemma 11 in [7] that this homeomorphism preserves orientation.
The rest of the proof runs as in the proof of Proposition 4 in [2] .
The following facts follow immediately from Propositions 3, 4 and 5. are open pairwise disjoint arcs for which (5) holds true.
